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Abstract. A scaling argument is used to derive reflectionless sponge layers to absorb outgoing
time-harmonic waves in numerical solutions of the three-dimensional elliptic Maxwell equations in
rectangular, cylindrical, and spherical coordinates. We also develop our reflectionless sponge layers
to absorb outgoing transient waves in numerical solutions of the time-domain Maxwell equations and
prove that these absorbing layers are described by causal, strongly well-posed hyperbolic systems.
A representative result is given for wave scattering by a compact obstacle to demonstrate the many
orders of magnitude improvement offered by our approach over standard techniques for computational
domain truncation.
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1. Introduction. We wish to solve the time-dependent Maxwell equations

∂B

∂t
= −∇×E∇ ·D = 0,

∂D

∂t
= ∇×H∇ ·B = 0,

(1.1)

closed with constitutive relations D = ε(x)E,B = µ(x)H, over a computational
domain Ωc ⊂ R3, with boundary ∂Ωc, embedded in an infinite homogeneous dielectric
background medium Ωm of constant permittivity ε(x) = ε and permeability µ(x) = µ.
At t = 0 the fields are zero everywhere. An external forcing of (1.1) represents
incident transient electromagnetic waves that excite fields scattered by obstacles in
Ωc and which satisfy a Sommerfeld radiation condition at infinity. This well-posed
(symmetric) hyperbolic initial boundary value problem is to be solved with a numerical
scheme.

In order to complete the interior numerical scheme on ∂Ωc, an absorbing boundary
condition (ABC) must be imposed there. At the same time, the ABC must accurately
represent waves that propagate to infinity once they enter Ωm. An approximation of
the pseudo-differential operator that describes outgoing waves on ∂Ωc is typically
employed; a multitude of such conditions have been derived and implemented by
many researchers, and are extensively reviewed in [9, 12]. In addition to approximate
methods, exact ABC formulations are available and show much promise [13, 14, 15,
16].
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1038 PETER G. PETROPOULOS

An alternative to ABCs is to surround Ωc with a semi-infinite wave absorbing layer
Ωl ⊂ Ωm. Ideally, the transition from Ωc to Ωl should not reflect waves impinging on
∂Ωc, while the fields that enter Ωl should attenuate as they propagate: first outward,
toward ∂Ωl, and then inward, after reflection from the boundary condition imposed
on ∂Ωl. We call this set of attributes “ideal properties.” For use as an ABC, the layer
that possesses these ideal properties is typically terminated by applying a boundary
condition on the tangential electric fields at the outer boundary ∂Ωl, i.e., B(n̂×E) = 0.
The approach herein is independent of the method used to discretize the problem in
Ωc and our results can be employed to truncate infinite domains in which (1.1) is
solved with finite element, finite difference, or spectral methods.

Previous work with sponge layers [10, 11] did not achieve these ideal properties.
Karni [25] derived and demonstrated a reflectionless sponge layer that exhibits these
properties for a scalar plane wave propagating in a given direction, but we would
like to absorb vector waves propagating in all possible directions simultaneously. The
existence of sponge layers that exhibit these ideal properties was shown by Berenger
[1], who constructed the first “split-field” perfectly matched layer (PML) and used it
as an ABC. Unfortunately, this very successful sponge layer introduces nonphysical
dependent variables in the time domain through an arbitrary splitting of the fields
that increases the dimension of the hyperbolic Maxwell system. The Berenger PML
does not correspond to a physical process, and the mathematical manifestation of this
is the weak well-posedness of the relevant Cauchy problem. It was shown in [3] that
the hyperbolic Berenger system is not symmetric, that it allows wave modes which
grow linearly, in time and that it is ill-posed under perturbations.

Well-posed alternatives do exist. In the engineering literature they are referred to
as “unsplit-field PML formulations,” and some approaches in rectangular coordinates
[2, 4, 17, 18] have become popular for the numerical solution of (1.1). Fourth-order
accurate discretizations of such reflectionless sponge layers for use with high-order
finite difference schemes have also been analyzed and implemented to solve scattering
problems [19]. Additionally, reflectionless sponge layers have been demonstrated as
very effective when (1.1) is solved with spectral methods [20, 21].

Herein, we construct well-posed sponge layers for the three-dimensional Maxwell
equations in cylindrical and spherical coordinates and, in keeping with established
terminology, we call them “reflectionless sponge layers.” Also, we prove they possess
the ideal properties required for use as an ABC. Our derivation begins in the fre-
quency domain, i.e., with the elliptic form of (1.1) obtained after applying the Fourier
transform in the time direction. Our method may be viewed as a similarity transfor-
mation that maps a homogeneous isotropic dielectric to an inhomogeneous uniaxially
anisotropic dielectric that exhibits the ideal properties. Section 2 describes our proce-
dure in the three-dimensional cylindrical and spherical coordinates. For the purpose
of demonstrating the effectiveness of our layer we employ it as an ABC and obtain the
exact solution of the problem of time-harmonic plane wave scattering from a metal
cylinder embedded in a finite-sized domain in two-dimensional cylindrical coordinates.
This solution is then compared with that obtained when the cylinder is embedded in
an unbounded domain. We also compute the finite-domain exact solution obtained
by using a popular local ABC [27] on ∂Ωc instead of the sponge layer and compare
it with the other two. A greater-than-four-orders-of-magnitude improvement over
standard domain truncation techniques is obtained. In section 3, the hyperbolic form
of the equations describing the action of the layer on transient waves is derived and
proofs of hyperbolicity, causality, and well-posedness are given. Section 4 closes the
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WELL-POSED PERFECTLY MATCHED LAYERS 1039

paper with a summary, some comments regarding generalizations of the approach to
more complicated propagation problems, and a description of future work. The case
of rectangular coordinates is given in the appendix.

2. The method. We begin with the three-dimensional elliptic Maxwell equa-
tions (assuming e−iωt dependence for the fields in (1.1)),

−iωε(x
′
)E

′
= ∇′ ×H

′
, ∇′ · (ε(x′

)E
′
) = 0,

−iωµ(x
′
)H

′
= −∇′ ×E

′
, ∇′ · (µ(x′

)H
′
) = 0,

(2.1)

in an inhomogeneous isotropic (herein lossless) dielectric that fills all of R′3
. This

space is then partitioned as follows: the volume Ωc, identified in applications with the
interior computational domain where scatterers are embedded and limx′→∂Ω−

c
ε(x

′
) =

ε and limx′→∂Ω−
c
µ(x

′
) = µ, and the volume Ωm (the tail), which extends to infinity

and ε(x
′
) = ε and µ(x

′
) = µ. Waves entering Ωm must propagate undisturbed to

infinity. Next, we scale the independent and dependent variables in (2.1) with the
(similarity) transformations

x
′
=

{
x; x

′ ∈ Ωc,

S(x, ω) · x; x
′ ∈ Ωm ∪ ∂Ωc,

E
′
=

{
E; x

′ ∈ Ωc,

Ae(x, ω) ·E; x
′ ∈ Ωm ∪ ∂Ωc,

H
′
=

{
H; x

′ ∈ Ωc,

Am(x, ω) ·H; x
′ ∈ Ωm ∪ ∂Ωc,

(2.2)

where x ∈ R3 is an independent variable with units of space, and ω ∈ R is the
frequency. In this paper we will show that a reflectionless region can be realized in
cylindrical, spherical, and rectangular coordinates if the diagonal matrices S, Ae, and
Am are chosen so that S = I for x ∈ ∂Ωc and coordinate-independent expressions in
Ωm ∪ ∂Ωc, such as ∇′ ×E

′
and ∇′ ×H

′
, are invariant up to an overall factor that de-

pends on (x, ω); such a factor can be identified with electric and magnetic“material”
properties. Throughout the paper, subscripts indicate the corresponding spatial di-
rection, and bold-faced quantities represent three-dimensional vectors.

The elements of (2.2) involve the coordinate stretching u
′
= γu(u, ω)u, where

γu(u, ω) =
u0 +

∫ u

u0
αu(s, ω)ds

u
,(2.3)

and u ≥ u0 ∈ R+ is the corresponding coordinate variable. Thus, derivatives in
Ωm∪∂Ωc transform according to ∂

∂u′ = ζu
∂
∂u , where ζu = 1

αu(u,ω) . Note limu→u+
0
γu =

1 and limu→u+
0

∂u
′

∂u = αu(u0, ω). Our method is independent of the choice for αu(u, ω);

there are many possibilities depending on the frequency content of the application
at hand. Herein, in order to obtain frequency-independent exponential damping of
propagating waves in all three coordinate systems we will choose αu(u, ω) ∈ C with
Im{αu(u, ω)} ≈ O( 1

ω ) > 0, i.e.,

αu(s, ω) = ξu

(
1 +

iσu(s)

ω

)
, xiu ≥ 1,(2.4)
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1040 PETER G. PETROPOULOS

where σu(s) = σmax
u ( s−s0

du
)n; n ≥ 0, ξu ∈ R, n ∈ I, σmax

u ∈ R+, and du is a length
scale in the u-direction. Later, du will be the width of the sponge layer, and the
functions σe

u(u) = εσu(u) and σm
u (u) = µσu(u) have units of electric and magnetic

conductivity, respectively. The real constant ξu (≥ 1) allows for bending the waves
toward the normal direction into the layer by increasing the corresponding component
of the wave vector while leaving the tangential component unchanged; at the same
time, it increases the damping in the normal direction into the layer. If σu(u

+
0 ) = 0,

then limu→u+
0

∂u
′

∂u = ξu. Experience has shown the choice (2.4) to be best suited for

problems in which the fields have no zero-frequency content. For problems with zero-
frequency content one may choose αu(s, ω) = ξu(1 + σu(s)/(1− iω)) which is regular
(and real) at ω = 0; we discuss this further in (A.6).

When (2.4) is used, the independent variables in (2.1) may also be viewed as
being analytically continued into the space of complex numbers in Ωm ∪ ∂Ωc, while
x

′ ∈ R3 in Ωc; this incomplete point of view, central to [5, 6], necessitates an arbitrary
splitting of the fields to obtain the hyperbolic (time-domain) formulation which then
shares the undesirable mathematical properties of Berenger’s PML [3]. Our approach
does not suffer in this manner.

For numerical implementation as an ABC, the unbounded absorbing region Ωm

must be truncated with a boundary condition at some finite distance from ∂Ωc to pro-
duce the layer Ωl. A homogeneous Dirichlet condition on the electric fields tangential
to ∂Ωl will be used herein, i.e., B = I (but other options are available [23]), and we
will show that the resultant nonzero reflection coefficient is exponentially small.

2.1. Cylindrical (ρ, φ, z) coordinates. In this coordinate system, Maxwell’s
equations (2.1) in Ωm = R3 \ Ωc are

−iωε(Eρ′ , Eφ′ , Ez′ ) =
1

ρ′

∣∣∣∣∣∣∣∣
âρ′ ρ

′
âφ′ âz′

∂
∂ρ′

∂
∂φ′

∂
∂z′

Hρ′ (ρ
′
Hφ′ ) Hz′

∣∣∣∣∣∣∣∣
,

−iωµ(Hρ′ , Hφ′ , Hz′ ) = − 1

ρ′

∣∣∣∣∣∣∣∣
âρ′ ρ

′
âφ′ âz′

∂
∂ρ′

∂
∂φ′

∂
∂z′

Eρ′ (ρ
′
Eφ′ ) Ez′

∣∣∣∣∣∣∣∣
,

(2.5)

and the fields are divergence-free, i.e., ∇′ · (εE′
) = 0, ∇′ · (µH′

) = 0. The volume Ωc

occupies the region 0 ≤ ρ
′
< ρ0, 0 ≤ φ

′
< 2π, |z′ | < z0. We identify three distinct

subregions of Ωm for which sponge equations must be derived (see Figure 2.1).
Case a. Ωρ subregion: ρ

′ ≥ ρ0, 0 ≤ φ
′
< 2π, |z′ | ≤ z0.

The presence of ρ
′
Hφ′ and ρ

′
Eφ′ in the right-hand side (r.h.s.) of (2.5) requires

individual entries in these products to scale accordingly in order for the physical units
of the fields (volts and amperes) to be preserved. We are naturally led to the following
form for the scaling (2.2):

(ρ
′
, φ

′
, z

′
)T = diag{γρ, 1, 1} · (ρ, φ, z)T ,

E
′
= diag

{
ζρ,

1

γρ
, 1

}
·E,

H
′
= diag

{
ζρ,

1

γρ
, 1

}
·H.

(2.6)

D
ow

nl
oa

de
d 

11
/2

2/
22

 to
 1

15
.1

56
.1

43
.1

70
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



WELL-POSED PERFECTLY MATCHED LAYERS 1041
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Fig. 2.1. Cylindrical coordinates.

Applying (2.6) to (2.5) we obtain

−iωε


γρζρ 0 0

0 1
γρζρ

0

0 0
γρ

ζρ


 ·E = ∇×H,

−iωµ


γρζρ 0 0

0 1
γρζρ

0

0 0
γρ

ζρ


 ·H = −∇×E.

(2.7)

The diagonal “material” tensor in the l.h.s. of (2.7) is denoted T , and applying (2.6)
to the divergence-free conditions we obtain, e.g., for the electric field,

∇′ · (εE′
) = 0

→ ε

(
1

γρρ
ζρ

∂

∂ρ
(ργρζρEρ) +

1

ργ2
ρ

∂Eφ

∂φ
+

∂Ez

∂z

)
= ∇ · (εT ·E) = 0.

(2.8)

Similarly, for the magnetic field, ∇′ · (µH′
) = 0 → ∇ · (µT ·H) = 0. The form of the

mapped divergence-free conditions allows εT and µT , respectively, to be identified as
uniaxial electric permittivity and magnetic permeability tensors. This facilitates the
derivation in section 3 of the hyperbolic equations needed to implement the layer in
the time domain.

The spatial scaling in (2.6) is continuous at ρ = ρ0, while the field scaling (second
and third equations) enforces the continuity of the unprimed tangential and primed
normal electromagnetic field components (recall, limu→u+

0
γu = 1 and u = ρ); the

transition from Ωc to Ωρ should be reflectionless.

We now prove that ∂Ωc is reflectionless for propagating waves impinging on it
from the interior, and that, once (2.4) is chosen, these perfectly transmitted waves
decay exponentially, independently of the frequency ω, as they propagate to infinity
in Ωρ.

First, we observe that for constant ε, µ the vector Helmholtz equation for the
electric field, ω2εµE

′
= ∇′ ×∇′ ×E

′
, is obtained after the magnetic field is eliminated

from (2.5). In cylindrical coordinates, and using ∇′ · E′
= 0, this vector equation

decomposes into two coupled equations for Eρ′ and Eφ′ , while the Ez′ component
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1042 PETER G. PETROPOULOS

uncouples and satisfies the scalar Helmholtz equation

1

ρ′
∂

∂ρ′

(
ρ

′ ∂Ez′

∂ρ′

)
+

1

ρ′2
∂2Ez′

∂φ′2 +
∂2Ez′

∂z′2 + ω2εµEz′ = 0.(2.9)

This is similar for H
′
using ∇′ ·H′

= 0. The solutions of (2.9), along with those of
the corresponding equation for H

′

z′ , define TM-to-ẑ (H
′

z′ = 0) and TE-to-ẑ (E
′

z′ =
0) orthogonal polarizations. An arbitrary propagating electromagnetic wave with
wave vector k is represented as a linear combination of these two polarizations. To
determine the reflection properties of ∂Ωc we will need both TE and TM waves to
match the electromagnetic boundary conditions across the cylindrical surface at ρ =
ρ0. All components of TE/TM outgoing waves in Ωm are solutions of (2.9) and they
are expressed as a Fourier series in the angular coordinate

Uz′ (ρ
′
, φ

′
, z

′
) =

∞∑
m=−∞

Um
z′ (ρ

′
, φ

′
, z

′
) =

∞∑
m=−∞

AmH(1)
m (kρρ

′
)eimφ

′
+iκ̃zz

′
,(2.10)

where kρ =
√
ω2εµ− κ̃2

z, κ̃z = ẑ · k, m ∈ (−∞,∞) is an integer, and H
(1)
m (·) is the

Hankel function of the first kind and of integer order m.
Dropping the primes in Ωc and suppressing the eiκ̃zz+imφ dependence, the ẑ-

directed fields are (
E1

z

H1
z

)
= {H(1)

m (kρρ)I+ Jm(kρρ) R12} ·
(
E0

H0

)
,(2.11)

where the first term represents a wave that is outgoing in Ωc, the second term rep-
resents the standing wave generated by the reflection of the outgoing wave at ρ = ρ0

and the requirement for finite reflected fields at ρ = 0, Jm(·) is the Bessel function of
integer order, (E0, H0)

T is an arbitrary complex vector of incident field amplitudes,
and R12 is the 2 × 2 reflection matrix (generated by the presence of ∂Ωc), which
we must prove is the null matrix. The off-diagonal terms of R12 represent possible
TE–TM mode conversion at ρ = ρ0. Continuity of tangential fields at ρ = ρ0 will also
require the φ-directed fields in Ωc:(

H1
φ

E1
φ

)
=

1

k2
ρρ

{H(1)
m (kρρ) + Jm(kρρ) ·R12} ·

(
E0

H0

)
.(2.12)

The matrices H
(1)
m (kρρ) and Jm(kρρ) in (2.12) are obtained by substituting the indi-

cated Hankel or Bessel function in

Um(kρρ) =

(
iωεkρρU

′
(kρρ) −mκ̃zU(kρρ)

−mκ̃zU(kρρ) −iωµkρρU
′
(kρρ)

)
,(2.13)

where the prime denotes differentiation with respect to the argument of the function
[26].

To determine the fields in the sponge region and allow the use of the standard
results for cylindrical waves given above, we must show the decoupling of the ẑ-
component in the vector Helmholtz equation also occurs in Ωρ. To that end we use
(2.8) to derive the Helmholtz equation for the Ez field component. Eliminating the
magnetic field from (2.7), the vector Helmholtz equation for the electric field in Ωρ is

ω2εµE = T −1 · ∇ × T −1 · ∇ ×E,(2.14)
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WELL-POSED PERFECTLY MATCHED LAYERS 1043

where T −1 is the inverse of the “material” tensor in (2.7). The z-component of (2.14)
is

ω2εµEz=
ζρ
ργρ

[
∂

∂ρ

{
ζρργρ

(
∂Eρ

∂z
− ∂Ez

∂ρ

)}
− ζρ

∂

∂φ

{
1

ργρ

(
∂Ez

∂φ
− ∂(ρEφ)

∂z

)}]
.(2.15)

It is clear from (2.8) that

∂

∂z

[
1

ργρ
ζρ

∂

∂ρ
(ζρργρEρ) +

1

ργ2
ρ

∂Eφ

∂φ

]
= −∂2Ez

∂z2
,(2.16)

so (2.15) becomes

1

ργρ
ζρ

∂

∂ρ

(
ργρζρ

∂Ez

∂ρ

)
+

1

ρ2γ2
ρ

∂2Ez

∂φ2
+

∂2Ez

∂z2
+ ω2εµEz = 0.(2.17)

We observe that, in light of (2.6), (2.17) is really (2.9). This also holds for the vector
Helmholtz equation satisfied by the magnetic field.

Due to the translational invariance of the problem in the ẑ-direction, the waves
in Ωρ also have an eiκ̃zz+imφ dependence (which is suppressed below). Consequently,
the solution of (2.17) (and of the corresponding one for Hz) is obtained after applying
the spatial coordinate mapping to (2.10). Thus, the ẑ-components of the outgoing
fields in this region are (

E2
z

H2
z

)
= H(1)

m (kργρρ) T12 ·
(
E0

H0

)
,(2.18)

whereT12 is the 2×2 transmission matrix whose off-diagonal entries represent possible
mode conversion on ∂Ωc. We must prove T12 is the identity matrix. Tangential field
continuity at ρ = ρ0 will require the φ̂-directed fields in Ωρ. From (2.7), for waves
with eiκ̃zz+imφ dependence, these are

(
H2

φ

E2
φ

)
=

1

k2
ρρ

(
iωεkργρρH

(1)
′
(kργρρ) −mκ̃zH

(1)(kργρρ)

−mκ̃zH
(1)(kργρρ) −iωµkργρρH

(1)
′
(kργρρ)

)
·T12 ·

(
E0

H0

)
.

(2.19)

Finally, it is trivial to determine that matching (2.11) to (2.18) and (2.12) to
(2.19) at ρ = ρ0 (using γρ(ρ0) = 1) leads to the desired result, i.e., R12 = 0 and
T12 = I. Indeed, ∂Ωc is reflectionless for arbitrary waves propagating out of Ωc.

We must also verify that (2.18), when (2.4) is used in (2.3) and (2.6), decays
exponentially in the ρ̂-direction independently of the frequency, for an incident wave
of given κ̃z = ω

√
εµ cos θ, where θ is the angle between the ẑ-axis and k. Noting

that ρ
′
= γρ(ρ, ω)ρ exhibits a positive imaginary part, which varies as O( 1

ω ), and
using the asymptotic form of the outgoing Hankel function in (2.18), the desirable
frequency-independent exponential decay is obtained in the ρ̂-direction

|H(1)
m (ηρ

′
)| ≈ |Cm|√

η|ρ′ |e
−ηρ

′
i , |ρ′ | → ∞,(2.20)

where η = ω
√
εµ sin θ, and ρ

′
i =

ξρ
ω

∫ ρ

ρ0
σρ(s)ds is the imaginary part of ρ

′
. The

asymptotic condition |ρ′ | → ∞, while clearly achievable if ρ → ∞ in the semi-infinite
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1044 PETER G. PETROPOULOS

Ωc

inc

Ωl

sρ ρ
0

ρ
1Ez

Fig. 2.2. Geometry of scattering problem in polar coordinates.

region Ωm, can also be achieved if the product ξρσρ(ρ) is sufficiently large in the layer
Ωl of finite width dρ = ρ1−ρ0. The decay (2.20) also applies to waves moving toward

ρ = ρ0 in the layer since they are proportional to H
(2)
m (ηρ

′
) and ρ decreases.

To terminate Ωm and provide the layer Ωl for numerical implementation a homo-
geneous Dirichlet condition is typically applied to the tangential fields Ez and Eφ at
ρ = ρ1 (0 ≤ φ < 2π, |z| ≤ z0). We now show that this induces a nonzero reflection
coefficient whose exponentially small maximum amplitude is controlled by the “mate-
rial” properties and width of the layer. For simplicity, consider the TM-polarization
case in polar coordinates for the electromagnetic field components (Ez, Hρ, Hφ). As-
suming Ωl is illuminated by cylindrical waves, and using standard analysis, we obtain
the reflection coefficient

RΩρ
m (kργρ(ρ1)ρ1) = −H

(1)
m (kργρ(ρ1)ρ1)

H
(2)
m (kργρ(ρ1)ρ1)

.(2.21)

The leading-order asymptotic form of the Hankel functions and (2.3)–(2.4) allow us
to determine that for m < |kργρ(ρ1)ρ1| the amplitude of (2.21) is exponentially small
and independent of m, i.e.,

|RΩρ | ≈ e
−2η

ξρ
ω

∫ ρ1

ρ0
σρ(s)ds

.(2.22)

The modesm ≥ |kργρ(ρ1)ρ1| correspond to glancing incidence and are totally reflected
(see (A.12) for the analogue in rectangular coordinates). Nevertheless, in three di-
mensions, these glancing waves are incident onto the remaining regions Ωzρ and Ωz

used to truncate the computational domain and are maximally absorbed.

To demonstrate the performance of the layer we next consider TM-polarized time-
harmonic scattering. A plane wave,

Einc
z (ρ, φ) = eikx =

∞∑
m=−∞

imJm(kρ)e
imφ,(2.23)

is incident from the left onto a metal cylinder of radius ρs, embedded in a dielectric
with permittivity ε and permeability µ (see Figure 2.2). The wave number is k =
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WELL-POSED PERFECTLY MATCHED LAYERS 1045

ω
√
εµ. The total electric field is zero on the cylinder and the scattered field satisfies

the Sommerfeld radiation condition at infinity. It is given by

Escat
z (ρ, φ) = −

∞∑
m=−∞

im
Jm(kρs)

H
(1)
m (kρs)

H(1)
m (kρ)eimφ.(2.24)

The scattered field can be found as a Fourier series even when, instead of the
Sommerfeld condition at infinity, we use our sponge layer (2.7) of width dρ = ρ1 − ρ0,
reduced to polar coordinates with θ = π/2, to truncate the problem at a finite distance
from the scatterer. It is

Ẽscat
z (ρ, φ) = −

∞∑
m=−∞

im
Jm(kρs)

Wm(kρs, kγρ(ρ1)ρ1)

× {H(1)
m (kγρ(ρ)ρ) +RΩρ

m (kγρ(ρ1)ρ1)H
(2)
m (kγρ(ρ)ρ)}eimφ,

(2.25)

where ρs ≤ ρ ≤ ρ1, γρ(ρ) = 1 for ρ ≤ ρ0,

Wm(kρs, kγρ(ρ1)ρ1) = H(1)
m (kρs) +RΩρ

m (kγρ(ρ1)ρ1)H
(2)
m (kρs),(2.26)

and R
Ωρ
m (kγρ(ρ1)ρ1) is given by (2.21). On the other hand, when the local ABC [27]

B2[Ẽ
scat
z ] =

(
− ik +

∂

∂ρ
+

1

2ρ
− i

8kρ2
− i

2kρ2

∂2

∂φ2

)
Ẽscat

z = 0(2.27)

is used at ρ = ρ0 instead of the Sommerfeld radiation condition at infinity, we obtain
the following scattered field:

Ẽscat
z (ρ, φ) = −

∞∑
m=−∞

im
Jm(kρs)

Wm(kρs, kρ0)
{H(1)

m (kρ) +Rm(kρ0)H
(2)
m (kρ)}eimφ,

(2.28)

where

Wm(kρs, kρ0) = H(1)
m (kρs) +Rm(kρ0)H

(2)
m (kρs),(2.29)

and

Rm(kρ0) = −B2[H
(1)
m (kρ)eimφ]

B2[H
(2)
m (kρ)eimφ]

|ρ=ρ0 .(2.30)

Noting that (2.25) and (2.28) reduce to (2.24), when R
Ωρ
m (kγρ(ρ1)ρ1) and Rm(kρ0)

are sufficiently close to zero, we proceed to gauge the relative success of the two
boundary conditions by comparing these two reflection coefficients. In (2.21) we
choose ξρ = 1 and θ = π/2. The spatial variation of the damping is the same as that

in (2.4), and the argument of the Hankel functions in (2.21) is kρ1+i
σmax
ρ dρ

c(n+1) = kρ1+iD.

The layer width is chosen so k(ρ1 − ρ0) = 1 always; i.e., the layer is electrically thin.
In Figure 2.3 we plot the reflection coefficients (2.30) and (2.21) as a function of

the cylindrical mode index m for kρ0 = 9 and three values of D. It is seen that both
boundary closures do not absorb glancing modes. However, for sufficiently large D,
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1046 PETER G. PETROPOULOS
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Fig. 2.3. The reflection coefficient as a function of the cylindrical mode index, m, for kρ0 = 9.
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Fig. 2.4. The reflection coefficient as a function of kρ0 for the m = 0, 1 cylindrical modes.

the superiority of the sponge layer over the local ABC is evident for all propagating
modes. The reflection coefficient for the D = 10 layer (for which |kγρ(ρ1)ρ1| ≈ 15)
is effectively zero, i.e., exact, for the first 17 cylindrical modes. In contrast, the B2

operator cannot be adjusted to absorb more propagating modes.

The behavior of the boundary closures as a function of the electrical distance
from the origin to ∂Ωc is compared in Figure 2.4. The first two cylindrical modes
are considered but the same behavior is obtained for all higher modes below glancing.
Again, our sponge layer outperforms the local ABC by many orders of magnitude.

In the graph, the reflection coefficient R
Ωρ

1 (kγρ(ρ1)ρ1) is only slightly higher than

R
Ωρ

0 (kγρ(ρ1)ρ1). As expected, the sponge layer performance is insensitive to its lo-
cation and deteriorates with increasing m at a rate that is much slower than that of
the local ABC. In a full numerical simulation with the sponge layer as an ABC the
amount of free space between the scatterer and ∂Ωc that would require discretization
is insignificant in comparison to the amount required when B2 is used as an ABC
instead.

Case b. Ωzρ subregion: ρ
′ ≥ ρ0, 0 ≤ φ

′
< 2π, |z′ | ≥ z0.
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WELL-POSED PERFECTLY MATCHED LAYERS 1047

In this region we must introduce the scaling

(ρ
′
, φ

′
, z

′
)T = diag{γρ, 1, γz} · (ρ, φ, z)T ,
E

′
= diag

{
ζρ,

1

γρ
, ζz

}
·E,

H
′
= diag

{
ζρ,

1

γρ
, ζz

}
·H

(2.31)

into (2.5) and the divergence-free conditions. The transformed equations are similar
to (2.7)–(2.8) but with “material” tensor

T =




γρζρ
ζz

0 0

0 1
γρζρζz

0

0 0
γρζz
ζρ


 .(2.32)

The scaling (2.31) enforces the continuity of the unprimed tangential and primed
normal electromagnetic field components across the transition from Ωz (see (2.35)) to
Ωzρ at ρ

′
= ρ0 and across the transition from Ωρ (see (2.6)) to Ωzρ at |z′ | = z0; these

transitions are reflectionless.

A derivation similar to the one that led to (2.17), now leads to the following
Helmholtz equation for the ẑ-component of E in Ωzρ:

1

ργρ
ζρ

∂

∂ρ

(
ργρζρ

∂(ζzEz)

∂ρ

)
+

1

ρ2γ2
ρ

∂2(ζzEz)

∂φ2

+ζz
∂

∂z

(
ζz

∂

∂z
(ζzEz)

)
+ ω2εµ(ζzEz) = 0.

(2.33)

Working backward with (2.31), we observe that (2.33) is really (2.9) written in the
unprimed variables. These results also apply to the Helmholtz equation for the ẑ-
component of the magnetic field. Thus, the solution of (2.33), and of the corresponding
equation for Hz, is obtained by substituting (2.31) into (2.10); using an argument
similar to that in Ωρ we can prove both the Ωz − Ωzρ and Ωρ − Ωzρ interfaces are
reflectionless. Also, waves entering Ωzρ will decay exponentially independently of the
frequency, now in both coordinate directions simultaneously. Since in this region both
ρ

′
= γρ(ρ, ω)ρ and z

′
= γz(z, ω)z exhibit positive imaginary parts that are O( 1

ω ), the
decay (2.20) is now

|H(1)
m (ηρ

′
)eiκ̃zz

′
| ≈ |Cm|√

η|ρ′ |e
−ηρ

′
i−κ̃zz

′
i , |ρ′ | → ∞, |z′ | ≥ z0,(2.34)

where z
′
i =

ξz
ω

∫ z

z0
σz(s)ds is the imaginary part of z

′
. Again, waves in the layer moving

toward |z| = z0 and ρ = ρ0 are also exponentially damped. The Dirichlet condition is
applied to the tangential fields Ez and Eφ at ρ = ρ1 for 0 ≤ φ < 2π, z0 ≤ |z| ≤ z1, and
to Eρ and Eφ at |z| = z1 for ρ0 ≤ ρ ≤ ρ1, 0 ≤ φ < 2π to terminate the corner region
for numerical implementation. The resulting reflection coefficients are exponentially
small.

Case c. Ωz subregion: 0 ≤ ρ
′ ≤ ρ1, 0 ≤ φ

′
< 2π, z0 ≤ |z′ | ≤ z1.
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1048 PETER G. PETROPOULOS
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ŷ
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Fig. 2.5. Spherical coordinates.

In this region, the scaling

(ρ
′
, φ

′
, z

′
)T = diag{1, 1, γz} · (ρ, φ, z)T ,
E

′
= diag{1, 1, ζz} ·E,

H
′
= diag{1, 1, ζz} ·H

(2.35)

is applied to (2.5) and the resulting T is given in (A.4). The sponge equations are those
in (A.3) with the curl operator expressed in cylindrical coordinates. The region Ωz is
reflectionless for waves exiting Ωc, and the penetrating waves decay as required (see
(A.11)). The Dirichlet condition is applied to the tangential Eρ and Eφ at |z| = z1
for 0 ≤ ρ ≤ ρ1 to terminate the layer for numerical implementation; the resulting
reflection coefficient (A.12) is exponentially small.

2.2. Spherical (ρ, θ, φ) coordinates. Here, the volume Ωc is the interior of
a sphere of radius ρ0, and Ωm is the volume ρ

′ ≥ ρ0 which extends to infinity (see
Figure 2.5). In light of Maxwell’s equations in Ωm,

−iωε(Eρ′ , Eθ′ , Eφ′ ) =
1

ρ′2 sin θ′

∣∣∣∣∣∣∣∣
âρ′ ρ

′
âθ′ ρ

′
sin θ

′
âφ′

∂
∂ρ′

∂
∂θ′

∂
∂φ′

Hρ′ (ρ
′
Hθ′ ) (ρ

′
sin θ

′
Hφ′ )

∣∣∣∣∣∣∣∣
,

−iωµ(Hρ′ , Hθ′ , Hφ′ ) = − 1

ρ′2 sin θ′

∣∣∣∣∣∣∣∣
âρ′ ρ

′
âθ′ ρ

′
sin θ

′
âφ′

∂
∂ρ′

∂
∂θ′

∂
∂φ′

Eρ′ (ρ
′
Eθ′ ) (ρ

′
sin θ

′
Eφ′ )

∣∣∣∣∣∣∣∣
,

(2.36)

and the divergence-free conditions, ∇′ · (εE′
) = 0 and ∇′ · (µH′

) = 0, the appropriate
scaling is

(ρ
′
, θ

′
, φ

′
)T = diag{γρ, 1, 1} · (ρ, θ, φ)T ,
E

′
= diag{ζρ, γ−1

ρ , γ−1
ρ } ·E,

H
′
= diag{ζρ, γ−1

ρ , γ−1
ρ } ·H.

(2.37)D
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WELL-POSED PERFECTLY MATCHED LAYERS 1049

Its application transforms (2.36) in Ωρ to

−iωε


γ2

ρζρ 0 0
0 1

ζρ
0

0 0 1
ζρ


 ·E = ∇×H,

−iωµ


γ2

ρζρ 0 0
0 1

ζρ
0

0 0 1
ζρ


 ·H = −∇×E.

(2.38)

The diagonal matrix on the left-hand side (l.h.s.) of (2.38) is again labeled T and the
divergence-free conditions for constant ε, µ transform as follows:

∇′ · (εE′
)

= 0 → ε

(
1

γ2
ρρ

2
ζρ

∂

∂ρ
(ρ2γ2

ρζρEρ) +
1

ργ2
ρ sin θ

∂(sin θEθ)

∂θ
+

1

ργ2
ρ sin θ

∂Eφ

∂φ

)
= ∇ · (εT ·E) = 0.

(2.39)

This is similar for the magnetic field relation ∇′ · (µH′
) = 0 → ∇ · (µT · H) = 0.

Here, too, the mapped divergence-free conditions allow the identification of εT and
µT as uniaxial electric permittivity and magnetic permeability tensors, respectively,
thus facilitating the derivation in section 3 of the hyperbolic equations to implement
the layer in the time domain.

The transition from Ωc to Ωρ at ρ
′
= ρ0 will be reflectionless since (2.37) enforces

continuity of the unprimed tangential and primed normal electromagnetic field com-
ponents (recall limu→u+

0
γu = 1 and u = ρ here). This assertion is rigorously proven

in the same way as in section 2.1, Case a. The solution of (2.38) is obtained by ap-
plying (2.37) to the solution of (2.36), which is expressed as a linear combination of
electric and magnetic multipole fields in spherical coordinates [8]. Using (2.39) and
the corresponding relation for the magnetic field, it is easy to derive scalar Helholtz
equations satisfied by the mapped (ρ

′
âρ′ ) · E′

and (ρ
′
âρ′ ) · H′

in Ωρ. For example,
we find that the electric multipole potential Ue(ρ, θ, φ) = ργρζρEρ (i.e., the mapped

(ρ
′
âρ′ ) ·E′

) satisfies

1

ργρ
ζρ

∂

∂ρ

[
ζρ

∂

∂ρ
(ργρU

e)

]
+

1

ρ2γ2
ρ sin θ

∂

∂θ

(
sin θ

∂Ue

∂θ

)

+
1

ρ2γ2
ρ sin

2 θ

∂2Ue

∂φ2
+ ω2εµUe = 0.

(2.40)

Therefore, Ue is given by an infinite series in a linear combination of products of in-

coming/outgoing spherical Hankel functions (h
(1,2)
l (kρ)) and the spherical harmonics

(Ylm(θ, φ)). This is similar for the magnetic multipole potential U
m in Ωρ. An arbi-

trary propagating field in the sponge region is then expressed as a linear combination
of the fields generated by the multipoles, and standard analysis easily leads to the
proof that the interface ∂Ωc is reflectionless. Also, waves in Ωρ decay as required, i.e.,
exponentially in the ρ̂-direction and independently of ω. Each outgoing component
of the multipole expansion of the solution in Ωρ is proportional to spherical Hankel
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1050 PETER G. PETROPOULOS

functions of the first kind and of real order l, so it will suffice to determine how (2.37)
alters their behavior. It is a simple matter to determine that the waves decay as
required in Ωρ since

|h(1)
l (ηρ

′
)| ≈ |Cl|

η|ρ′ |e
−ηρ

′
i , |ρ′ | → ∞,(2.41)

where now η = ω
√
εµρ̂ · k, and ρ

′
i is of the form given below (2.20). Waves moving

in the layer toward ρ = ρ0 involve h
(2)
l (ηρ

′
) and will be similarly damped. The layer

is terminated with a Dirichlet condition applied to the tangential fields Eφ and Eθ at
ρ = ρ1, and the resultant reflection coefficient is again exponentially small.

3. Hyperbolicity, well-posedness, and causality in the time domain.
The identification of εT and µT as uniaxial permittivity and permeability tensors
allows the introduction of the constitutive electric and magnetic relations D(x, ω) =
εT (x, ω)·E(x, ω) andB(x, ω) = µT (x, ω)·H(x, ω), where T is the diagonal “material”
matrix appearing in the transformed (2.1) in each coordinate system and subregion.
With simple algebra each T can be decomposed as T = Tξ + Tω, where Tξ is a
diagonal real matrix whose elements depend only on the ξu (independent of ω) and
satisfy limξu→1 Tξ = I, and Tω is a diagonal complex matrix whose elements are proper
rational functions of ω that vanish as O( 1

ω ) for ω → ∞. This results in the constitutive
laws being of the form D(x, ω) = εTξ ·E(x, ω) +P and B(x, ω) = µTξ ·H(x, ω) +M.
Consequently, the inverse Fourier transforms of the electromagnetic variables P =
εTω(x, ω)·E(x, ω) andM = µTω(x, ω)·H(x, ω), i.e., the induced polarization functions
with a parametric dependence on the spatial variables, satisfy ordinary differential
equations in time forced by the E and H fields (that is, convolution is not necessary).
Further, being lower-order terms their contributions to the systems of equations in
each subregion can be dropped for analysis [7]; i.e., hyperbolicity, causality, and well-
posedness of the Cauchy problem depend only on the relevant Tξ (which influences
the principal part only) in each coordinate system and subregion. The complete 6×6
Maxwell system that holds in each case can be cast in the coordinate-independent
form

(
∂E
∂t

∂H
∂t

)
+


−T −1

ξ
·∇×H

ε

T −1
ξ

·∇×E

µ


+

( T −1
ξ · F−1{Tω}∗E

T −1
ξ · F−1{Tω}∗H

)
= 0,(3.1)

where the symbol ∗ denotes convolution, and F−1 is the inverse Fourier transform.
The reader is reminded that due to the special form of Tω convolution is not neces-
sary; rather, one defines a set of 6 auxiliary functions (the P,M) to represent the
convolutions and appends to the Maxwell system 6 ordinary differential equations to
compute their time evolution.

We now provide the relevant theoretical details using, for the sake of brevity,
the two-dimensional equations in the Ωz subregion in rectangular coordinates (see
Figure A.1 and the appendix).

In the TE-polarization, the two-dimensional electromagnetic field consists of the
vector U(x, z, ω) = (Ex, Ez, Hy)

T . Applying the inverse Fourier transform in the
region z < z0 (in Ωc) we obtain the system satisfied by the vector functionU(x, z, t) =
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WELL-POSED PERFECTLY MATCHED LAYERS 1051

F−1{U(x, z, ω)}:

∂U

∂t
+


0 0 1

ε
0 0 0
1
µ 0 0


 ∂U

∂z
+


0 0 0
0 0 − 1

µ

0 − 1
ε 0


 ∂U

∂x
= 0.(3.2)

The eigenvalues of the matrices in (3.2) are the wave speeds {−c, 0, c}, where c = 1√
εµ

is the wavefront speed in the dielectric. There is one distinct eigenvector for each
eigenvalue; the system is strongly hyperbolic and causal. The change of variables

V = C−1 ·U, where C = diag{1, 1,
√

ε
µ}, shows that (3.2) is symmetric and therefore

strongly well-posed [24].
In the region z ≥ z0 (in Ωz), the relevant Tξ is Tξ = diag{ξz, ξz, 1

ξz
}, and the

principal part of the time-domain sponge layer equations is

∂U

∂t
+


 0 0 1

ξzε

0 0 0
1

ξzµ
0 0


 ∂U

∂z
+


0 0 0

0 0 − ξz
ε

0 − 1
ξzµ

0


 ∂U

∂x
.(3.3)

When ξz = 1, (3.3) is identical to (3.2); thus it is the principal part of a causal strongly
well-posed hyperbolic system and the full set of equations is a causal strongly well-
posed hyperbolic system. Choosing ξz > 1 results in anisotropy; the eigenvalues of
(3.3) in the ẑ-direction are then given by the triplet {− c

ξz
, 0, c

ξz
} (slow-down), while

in the x̂-direction they are given by {−c, 0, c}. Each coefficient matrix in (3.3) has
a full set of eigenvectors; therefore it is the principal part of a strongly hyperbolic
causal system. Causality is preserved because the maximum wave speed in Ωz, which
occurs in the x̂-direction, is c (> c

ξz
).

We now establish that (3.3), with ξz > 1, is the principal part of a strongly
well-posed problem by showing that it is symmetric; i.e., its coefficient matrices
can be simultaneously symmetrized by some nonsingular similarity transformation.
Applying Rz, the diagonalizer of the first matrix A in (3.3), and noting it is iden-
tical to the diagonalizer of the first matrix in (3.2) and independent of ξz, i.e.,
Λz = diag{− c

ξz
, 0, c

ξz
} = R−1

z ARz, to the second matrix B in (3.3) we obtain

R−1
z BRz =


 0 − 1

2µξz
0

− ξz
ε 0 − ξz

ε
0 − 1

2µξz
0


 .(3.4)

To show that A and B can be simultaneously symmetrized, we seek a diagonal matrix
D, such thatD−1R−1

z BRzD is symmetric, and noteD−1ΛzD remains diagonal (hence
symmetric). Simple algebra determines that D = diag{1,√2ξz

√
µ
ε , 1} is an appro-

priate choice. We have just shown that (3.3) is symmetric; hence it is the principal
part of a strongly well-posed causal hyperbolic system. Thus, (3.1) in Ωz, including
the lower-order term, is a causal strongly well-posed hyperbolic system and does not
possess the undesirable properties of the Berenger system.

The time-domain form of the equations in all other subregions and coordinate
systems is obtained through the relevant constitutive law for the particular layer and
the inverse Fourier transform. We indicate how our sponge layer would be imple-
mented in three-dimensional cylindrical coordinates for transient waves by giving the
hyperbolic Ampere’s law that results from (2.7). For simplicity we set ξρ = 1 and
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1052 PETER G. PETROPOULOS

define σ̄ρ(ρ) =
1
ρ

∫ ρ

ρ0
σρ(s)ds. In ρ0 ≤ ρ < ρ1 we obtain

∂Dρ

∂t
= (∇×H)ρ,

dDρ

dt
+ σρ(ρ)Dρ = ε

dEρ

dt
+ εσ̄ρ(ρ)Eρ,

∂Dφ

∂t
= (∇×H)φ,

dDφ

dt
+ σ̄ρ(ρ)Dφ = ε

dEφ

dt
+ εσρ(ρ)Eφ,(3.5)

∂Dz

∂t
+ σρ(ρ)Dz = (∇×H)z,

dDz

dt
= ε

dEz

dt
+ εσ̄ρ(ρ)Ez,

and similarly for Faraday’s law. In a computational setting, 6 ordinary differential
equations are solved at each spatial point in the layer, and the Dirichlet condition (or
some other ABC) is imposed on Eφ and Ez at ρ = ρ1 to truncate the layer. That
(3.5), along with Faraday’s law, is a causal strongly well-posed hyperbolic system is
immediately obvious, once the lower-order terms are dropped through setting σρ = 0.
Similar considerations apply to the hyperbolic systems obtained when the inverse
Fourier transform is applied to the Ωzρ and Ωz equations (i.e., Maxwell in a “material”
described by (2.32) and (A.4), respectively), and to (2.38) in spherical coordinates.

4. Summary and discussion. In this paper we have presented a very effective
alternative to radiation boundary conditions for the numerical solution of the three-
dimensional Maxwell equations in rectangular, cylindrical, and spherical coordinates.
The numerical result in cylindrical coordinates presented in section 2 should be viewed
as a lower bound on the error that will be obtained if the problem was solved with a
numerical scheme since any discretization error would be additional to the error shown
there. Thus, in a discrete setting the size of the damping D controls the spatial mesh
size. The boundary truncation presented herein is independent of the approach used
to effect the spatial discretization and can be applied with equal ease to frequency-
domain (elliptic) and time-domain (hyperbolic) problems solved with finite element,
finite difference, and spectral methods.

Although we developed the approach to the derivation of reflectionless sponge
layers for use in the numerical solution of scattering problems embedded in a homo-
geneous dielectric space, the general spirit of our approach is not confined to such
problems. It would be trivial to derive layers for use in simulations where the back-
ground medium is a layered medium. For example, let the Ωz region cut perpen-
dicularly through the layering (i.e., the ẑ-axis is orthogonal to the direction of the
layering); in this case one would derive layer equations for each dielectric layer as
though it filled all of the space. Consequently, the electric and magnetic “material”
matrices in each layer would be εjT and µjT , respectively, where j indexes the layers.
This is similar for other waveguiding environments in cylindrical coordinates.

We close by mentioning recent numerical results [22] which indicate our reflec-
tionless sponge layer provides levels of numerical reflection from ∂Ωc that are com-
parable to those obtained with the exact ABC [14] for vector spherical waves scat-
tering from a dielectric sphere but at a substantial savings in computational cost.
We are presently investigating this issue by concentrating on analysis of the discrete
reflectionless sponge layers presented herein and on accuracy and computational cost
comparisons with available exact and (high-order) local ABCs for each coordinate
system.

Appendix A. For completeness, we now give our approach in the three-dimensional
rectangular coordinate system.
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Fig. A.1. Rectangular coordinates; Ωc is occluded by the vertex geometry.

A.1. Ωz. Consider the region z
′ ≥ z0, depicted as Ωz in Figure A.1. The appro-

priate scaling is

x
′
=

{
x; z

′
< z0,

diag{1, 1, γz} · x; z′ ≥ z0,

E
′
=

{
E; z

′
< z0,

diag{1, 1, ζz} ·E; z′ ≥ z0,
(A.1)

H
′
=

{
H; z

′
< z0,

diag{1, 1, ζz} ·H; z
′ ≥ z0,

and the curl of the electric field in (2.1), for example, transforms as

∇′ ×E
′
=

∣∣∣∣∣∣∣
î ĵ k̂
∂

∂x′
∂

∂y′
∂

∂z′

Ex′ Ey′ Ez′

∣∣∣∣∣∣∣→

ζz 0 0
0 ζz 0
0 0 1


 · ∇ ×E.(A.2)

This is similar for ∇′ × H
′
. In the context of the frequency-domain Maxwell equa-

tions, the scale factor, appearing in (A.2) as a coefficient of the curl in the unprimed
variables, can be identified with a dielectric permeability since it is recognizable as
the negative of the r.h.s. in Faraday’s law in the unprimed variables. Applying (A.1)
to (2.1) in Ωz we obtain

−iωε




1
ζz

0 0

0 1
ζz

0

0 0 ζz


 ·E = ∇×H,

−iωµ




1
ζz

0 0

0 1
ζz

0

0 0 ζz


 ·H = −∇×E.

(A.3)

Thus, scaling in the frequency domain is seen to be equivalent to mapping an isotropic
dielectric with constitutive relations D

′
(B

′
) = ε(µ)E

′
(H

′
) to a dielectric that is in-
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1054 PETER G. PETROPOULOS

homogeneous and uniaxial anisotropic with constitutive relations

D(B) = ε(µ)T ·E(H) = ε(µ)




1
ζz

0 0

0 1
ζz

0

0 0 ζz


 ·E(H).(A.4)

Following the application of the particular scaling, the diagonal tensor T in (A.4) can
then be defined a posteriori for all cases in this appendix.

The plane z
′
= z0 will be reflectionless for waves impinging upon it from the region

z
′
< z0 because (A.1) enforces continuity of all the electromagnetic field components

(tangential and normal) in the primed variables; primed and unprimed tangential-to-ẑ
electromagnetic components are continuous, and so are the primed normal compo-
nents of displacement [D

′

z′ ]z′=z0
= 0. The plane-wave scattering calculations in [2],

using (A.4), prove the reflectionless property.
We now determine the nature of the waves in Ωz in order to show that the

“dielectric” defined by (A.4) is lossy. The zero-divergence condition for the electric
field in the primed coordinate system transforms under (A.1) in Ωz as

∇′ · (εE′
) = 0 → ε

(
∂Ex

∂x
+

∂Ey

∂y
+ ζz

∂(ζzEz)

∂z

)
= ∇ · (εT ·E) = 0.(A.5)

With (A.5) and (A.3), the following Helmholtz equation for the components of E are
obtained:

∂2Ex

∂x2
+

∂2Ex

∂y2
+ ζz

∂

∂z

(
ζz
∂Ex

∂z

)
+ ω2εµEx = 0,

∂2Ey

∂x2
+

∂2Ey

∂y2
+ ζz

∂

∂z

(
ζz
∂Ey

∂z

)
+ ω2εµEy = 0,(A.6)

∂2

∂x2
(ζzEz) +

∂2

∂y2
(ζzEz) + ζz

∂

∂z

(
ζz

∂

∂z
(ζzEz)

)
+ ω2εµ(ζzEz) = 0.

Using the zero-divergence condition for the magnetic field in the primed coordinate
system and (A.1), we can obtain the corresponding Helmholtz equations for the com-
ponents of H in Ωz. These will be similar to (A.6) with the appropriate dependent
variable changes.

We briefly consider now the effect of the choice for αu(s, ω) in the case of transient
fields with zero-frequency content. Substituting (2.4) in the third equation of (A.6)
we obtain

∂2Ez

∂x2
+

∂2Ez

∂y2
+

ω2

ξ2
z

∂

∂z

[
1

ω + iσz(z)

∂

∂z

(
Ez

ω + iσz(z)

)]
+ ω2εµEz = 0.(A.7)

If, in a transient simulation, Ez has zero-frequency content (A.7) shows these compo-
nents (at ω = 0) do not satisfy the standard three-dimensional Laplace equation and
the simulation will be erroneous. However, this is not an issue for scattering prob-
lems as freely propagating fields generated by real sources do not have zero-frequency
content. In any case, one may be interested in solving contrived problems where
the fields have zero-frequency content, e.g., due to a source whose amplitude rises
smoothly from zero to some constant value that it maintains thereafter. Clearly, the
late-time fields in the layer will be inaccurate for such an illumination. The alternative
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WELL-POSED PERFECTLY MATCHED LAYERS 1055

choice for αu(s, ω) given in section 2 results in

∂2Ez

∂x2
+

∂2Ez

∂y2
+

(1− iω)2

ξ2
z

∂

∂z

[
1

1− iω + σz(z)

∂

∂z

(
Ez

1− iω + σz(z)

)]
+ ω2εµEz = 0,

(A.8)

which, at ω = 0, reduces to the standard Laplace equation with a stretched ẑ-coordinate
according to z

′
= z0 +

∫ z

z0
ξz(1 + σz(s))ds. The layer, in this case, correctly accounts

for the zero-frequency content.
The observation that (A.6), in light of (A.1) with (2.4), are equivalent to the

standard Helmholtz equation satisfied by each component of E
′
leads to each equation

in (A.6) being equivalent to the corresponding component of

∂2E
′

∂x′2 +
∂2E

′

∂y′2 +
∂2E

′

∂z′2 + ω2εµE
′
= 0.(A.9)

This is similar for the magnetic fields. The plane wave solutions of (A.9) are

E
′
= Ẽ

′
0e

±iω
√
εµk·x′

,(A.10)

where Ẽ
′
0 is a complex constant vector, k is the unit vector in the direction of propaga-

tion of the plane wave, and the ± corresponds to right/left moving waves with respect
to the direction of k. The corresponding magnetic field is obtained from Faraday’s
law in (2.1). Therefore, the solutions of (A.6) can be obtained by applying (A.1) to
(A.10), and then, in Ωz, the transverse-to-ẑ wavenumbers are preserved across z

′
= z0

while in the ẑ-direction we obtain

e±iω
√
εµκzz

′
→ e

±iω
√
εµκz(z0+ξz(z−z0))∓√

εµκzξz
∫ z

z0
σz(s)ds

,(A.11)

with κz = ẑ · k, i.e., frequency-independent exponential decay in the ẑ-direction for
all fields in Ωz. We must point out that (A.11) indicates that both right/left moving
waves are exponentially damped. Assuming that Ωz is terminated at z = z1 (layer
of width dz = z1 − z0) with a Dirichlet condition on the tangential fields Ex and Ey,

the magnitude of the reflection from the layer, due to a plane wave of amplitude Ẽ
′
0

incident on ∂Ωc from Ωc, is

|RΩz | = e
−2

√
εµκzξz

∫ z1

z0
σz(s)ds

.(A.12)

This is in accordance with Berenger’s result [1] and is similar to (2.22).
In the Ωx and Ωy regions, depicted in Figure A.1, scalings similar to (A.1) would

be used to determine the appropriate sponge layer equations. The resultant systems,
along with those in Ωz and a Dirichlet boundary condition on the tangential fields at
the outer surfaces, are used to close the six faces of the computational box Ωc.

A.2. Ωyz. Consider next the region y
′ ≥ y0, z

′ ≥ z0, depicted as Ωyz in Fig-
ure A.1, where, with the appropriate scaling,

x
′
= diag{1, γy, γz} · x,

E
′
= diag{1, ζy, ζz} ·E,(A.13)

H
′
= diag{1, ζy, ζz} ·H.
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1056 PETER G. PETROPOULOS

Equation (2.1) transforms to a system like (A.3) but with the material tensor T now
being

T =




1
ζyζz

0 0

0
ζy
ζz

0

0 0 ζz
ζy


 .(A.14)

Constitutive relations in the form of (A.4) can again be defined. Since (A.13) enforces
continuity of the unprimed tangential and primed normal field components across the
transition from Ωz (see (A.1)) to Ωyz at y

′
= y0, and across the transition from Ωy

to Ωyz (using the appropriate scaling for this region) at z
′
= z0, these transitions are

reflectionless.
We must now show that the waves in Ωyz are damped, in both ŷ- and ẑ-directions,

independently of the frequency. We do this by again appealing to the zero-divergence
conditions. For the electric field in the primed coordinate system we have, under
(A.13),

∇′ · (εE′
) = 0 → ε

(
∂Ex

∂x
+ ζy

∂(ζyEy)

∂y
+ ζz

∂(ζzEz)

∂z

)
= ∇ · (εT ·E) = 0.(A.15)

With (A.15), the following Helmholtz equations are obtained for the electric fields in
Ωyz:

∂2Ex

∂x2
+ ζy

∂

∂y

(
ζy
∂Ex

∂y

)
+ ζz

∂

∂z

(
ζz
∂Ex

∂z

)
+ ω2εµEx = 0,

∂2(ζyEy)

∂x2
+ ζy

∂

∂y

(
ζy
∂(ζyEy)

∂y

)
+ ζz

∂

∂z

(
ζz
∂(ζyEy)

∂z

)
+ ω2εµ(ζyEy) = 0,(A.16)

∂2(ζzEz)

∂x2
+ ζy

∂

∂y

(
ζy
∂(ζzEz)

∂y

)
+ ζz

∂

∂z

(
ζz
∂(ζzEz)

∂z

)
+ ω2εµ(ζzEz) = 0.

Equations (A.16) are equivalent to (A.9) under (A.13) in Ωyz. Again, their solutions
can be obtained by applying (A.13) (with (2.4)) to (A.10), and the waves will now
decay in space exponentially

e
−√

εµκyξy
∫ y

y0
σy(s)ds−√

εµκzξz
∫ z

z0
σz(s)ds

,(A.17)

where κy = ŷ · k, as they move outward in Ωyz.This is similar for the magnetic field.
In the regions designated on Figure A.1 as Ωxy and Ωxz, one would use the scalings

similar to (A.13) in order to derive the appropriate equations. The resulting systems,
along with those in Ωyz and a Dirichlet condition on the tangential fields at the outer
surfaces, are used to close the 12 edges of the computational box Ωc.

A.3. Ωxyz. Finally, consider the region x
′ ≥ x0, y

′ ≥ y0, z
′ ≥ z0, depicted as

Ωxyz in Figure A.1, for which the appropriate scaling is

x
′
= diag{γx, γy, γz} · x,

E
′
= diag{ζx, ζy, ζz} ·E,(A.18)

H
′
= diag{ζx, ζy, ζz} ·H.
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WELL-POSED PERFECTLY MATCHED LAYERS 1057

Under (A.18), (2.1) is transformed to a system like (A.3) but with the material tensor
T now being

T =




ζx
ζyζz

0 0

0
ζy

ζxζz
0

0 0 ζz
ζxζy


 .(A.19)

Thus, constitutive relations like (A.4) can also be defined in this region. Some thought
leads to the realization that (A.18) enforces continuity of the unprimed tangential and
primed normal field components across the transition from Ωxy (with the appropriate

scaling for this region) to Ωxyz at z
′
= z0, across the transition from Ωxz (with the

appropriate scaling for this region) to Ωxyz at y
′
= y0, and across the transition from

Ωyz (see (A.13)) to Ωxyz at x
′
= x0; these transitions are reflectionless.

The zero-divergence condition for E
′
in Ωxyz now transforms as

∇′ · (εE′
) = 0

→ ε

(
ζx

∂(ζxEx)

∂x
+ ζy

∂(ζyEy)

∂y
+ ζz

∂(ζzEz)

∂z

)
= ∇ · (εT ·E) = 0

(A.20)

and allows us to derive the following Helmholtz equations for the electric fields:

∑
l=x,y,z

ζl
∂

∂l

(
ζl
∂(ζnEn)

∂l

)
+ ω2εµ(ζnEn) = 0, n = x, y, z.(A.21)

Equations (A.21), and the corresponding ones for H, are equivalent to (A.9) (and
to the corresponding one for H

′
) under (A.18). Thus, their solutions can again be

obtained by applying (A.18) to (A.10), and the outward-moving waves will now decay
in space exponentially as

e
−√

εµκxξx
∫ x

x0
σx(s)ds−√

εµκyξy
∫ y

y0
σy(s)ds−√

εµκzξz
∫ z

z0
σz(s)ds

,(A.22)

where κx = x̂ · k, independently of the frequency.
A Dirichlet boundary condition on the tangential fields at the outer surfaces is

used to close all 8 vertices of the computational box, Ωc.
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